A tensor extension of the Poincaré algebra are proposed for the arbitrary dimensions. Casimir operators of the extension are constructed. A possible supersymmetric generalization of this extension are also found in the dimensions D = 2, 3, 4.
Introduction
There are a lot of examples for the tensor (semi-central) extensions of the super-Poincaré algebra (see, for example, [1, 2, 3, 4, 5, 6, 7] ). However, there also exists the tensor extension of the Poincaré algebra itself. In the present paper we give the example of such an extension with the help of the second rank tensor generator. A consideration of such an extension may have a sense, since it is homomorphic to the Poincaré algebra. Moreover, the contraction of the extended algebra leads also to the Poincaré algebra. It is interesting enough that the momentum square Casimir operator for the Poincaré algebra under this extension ceases to be the Casimir operator and it is generalized by adding the term containing linearly the angular momentum 1 . Due to this fact, an irreducible representation of the extended algebra 2 has to contain the fields of the different masses. This extension with non-commuting momenta has also something in common with the ideas of the papers [9, 10, 11] and with the non-commutative geometry idea [12] . It is also shown that for the dimensions D = 2, 3, 4 the extended Poincaré algebra allows a supersymmetric generalization.
Extension of the Poincaré algebra
The Poincaré algebra for the components of the rotations M ab and translations P a in D dimensions
can be extended with the help of the tensor semi-central generators Z ab in the following way:
[P a , Z bc ] = 0,
By taking a set of the generators Z ab as a homomorphism kernel, we obtain that the extended Poincaré algebra (2.2) is homomorphic to the usual Poincaré algebra (2.1). Under a contraction Z ab → 0 the algebra (2.2) also goes to the Poincaré algebra (2.1). Casimir operators of the extended Poincaré algebra are
5)
where ǫ abcd , ǫ 0123 = 1 is the totally antisymmetric Levi-Civita tensor. In particular, there is a Casimir operator generalizing the momentum square 
as degrees of the following generating Casimir operators:
where ǫ ab = −ǫ ba , ǫ 01 = 1 is the completely antisymmetric two-dimensional Levi-Civita tensor. In the case of the extended three-dimensional Poincaré algebra these Casimir operators can be expressed
in terms of the following generating Casimir operators: have the form
where coordinates x a correspond to the translation generators P a , coordinates z ab correspond to the tensor generators Z ab and S ab is a spin operator.
On the other hand, generators of the right shifts
Note that the algebra
[P a , Z bc ] = 0, [D a , Z bc ] = 0, [Z ab , Z cd ] = 0, formed by the generators M ab , P a , D a and Z ab , has as Casimir operators the operators (2.3) and the following operators:
+Z aa 1 Z a 1 a 2 · · · Z a 2k−1 a 2k Z a 2k a 2k+1 M a 2k+1 a , (k = 0, 1, 2, . . .).
Supersymmetric generalization
The extended Poincaré algebra (2.2) admits the following supersymmetric generalization:
with the help of the super-translation generators
where θ = Cθ is a Majorana Grassmann spinor, C is a charge conjugation matrix, d is some constant and σ ab = 1 4 [γ a , γ b ]. The rotation generators acquire the terms depending on the Grassmann variables θ α
whereas the expressions for the translations P a and tensor generators Z ab remain unchanged.
The validity of the Jacobi identities
for the supersymmetric generalization of the extended Poincaré algebra (2.2) verified for the dimensions D = 2, 3, 4 with the use of the symmetry properties of the matrices C and γ a C and the relations (A.1)-(A.3) of the Appendix. One of the generating Casimir operator in the dimensions D = 2, 3 is generalized into the following form:
while the form of the rest generating Casimir operators in these dimensions are not changed. Note that in the case D = 3 there is also the following Casimir operator:
One of the simplest Casimir operator (2.6) in D = 4 is also generalized into the form (3.1). The supersymmetric generalization of the more complicated Casimir operators in the four-dimensional case has the following structure:
An algorithm for the construction of the supersymmetric generalization of the Casimir operators (2.4) is obvious and based on the use of the following commutation relations:
Conclusion
Thus, in the present paper we proposed the extension of the Poincaré algebra with the help of the second rank tensor generator. Casimir operators for the extended algebra are constructed. The form of the Casimir operators indicate that an irreducible representation of the extended algebra contains the fields with the different masses. A consideration is performed for the arbitrary dimensions D. A possible supersymmetric generalization of the extended Poincaré algebra is also given for the particular cases with the dimensions D = 2, 3, 4. It would be interesting to find the spectra of the Casimir operators and to construct the models based on the extended Poincaré algebra. The work in this direction is in progress.
For the Majorana three-dimensional γ-matrices and charge conjugation matrix C we take γ 0 = C = −C T = −iσ 2 , γ 1 = σ 1 , γ 2 = σ 3 ;
{γ a , γ b } = 2g ab , g 11 = g 22 = −g 00 = 1, C −1 γ a C = −γ a T ,
The matrices γ a obey the relations
At last, the real four-dimensional γ-matrices and matrix C are
{γ a , γ b } = 2g ab , g 11 = g 22 = g 33 = −g 00 = 1, C −1 γ a C = −γ a T , γ 5 = 1 4 ǫ abcd γ a γ b γ c γ d .
The matrices γ a and σ ab meet the relations γ a σ bc = 1 2 ǫ abcd γ d γ 5 + 1 2 (γ c g ab − γ b g ac ), σ ab γ c = 1 2 ǫ abcd γ d γ 5 + 1 2 (γ a g bc − γ b g ac ),
σ ab σ cd = 1 4 (g ad g bc − g ac g bd − ǫ abcd γ 5 ) + 1 2 (σ ad g bc + σ bc g ad − σ ac g bd − σ bd g ac ).
(A.3)
